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Abstract: This article deals with the extinction behavior of the solution for a fast diffusion equation involving a nonlinear gradient source
and a singular potential. Based on the energy estimate method, the Hardy-Littlewood-Sobolev inequality, and the ordinary differential in-
equality approach, we obtain the sufficient conditions on the occurrence of the finite time extinction phenomenon of the weak solution.
Meanwhile, we establish the existence of a non-extinction weak solution via constructing suitable non-extinction sub- and super-solutions
and applying the standard iteration process.
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0 Introduction

The aim of the present article is to deal with the critical extinction exponent of the solution to the following fast
diffusion equation involving both a nonlinear gradient source and a singular potential

|x|ﬂu,:div(u“\ Vu |m71Vu) +A|Vul’, (xt) e Qx (0,+0),

u(x,t) =0, (x,t) € 0Qx (0,+0), (1)

u(x,0) =u,(x), xeQ,
where s>0, m=>0, 1>0, ¢>0, m+ae (0,1), QcR" is a bounded domain with smooth boundary 0Q,
N>max{s,m+1}, |x|= /x> + - +x,? for x= (x1,xy) €Q, uye L*(Q) nW,""*'(Q) is a non-negative and non-
trivial function. It is well-known that model (1) with s=a=0, m=1 and g=2 becomes the classical Kardar-Parisi-
Zhang equation, originated from the physical theory of growth and roughening of surfaces'.

In Refs. [2-3], the author proved the local existence result of the weak solution for problem (1). It is worth men-
tioning that the comparison principle for problem (1) can be established by Theorem 3.9 in Ref. [4] (or Subsection 1.1

Received date: 2026-03-27 © Wuhan University 2026
Foundation item: Supported by the Scientific Research Fund of Hunan Provincial Education Department (23A0361)
Biography: LIU Dengming, male, Ph. D., Professor, research direction: nonlinear partial differential equations. E-mail: liudengming@hnust.edu.cn

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/ licenses/by/4.0), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.



438 Wuhan University Journal of Natural Sciences 2026, Vol.31 No.5

in Ref. [5]). Finite time extinction phenomenon, as one of the most remarkable properties that distinguish nonlinear
parabolic problems from the linear ones, has received considerable attention and interest from mathematicians in the
past two decades®'’. In particular, the extinction and non-extinction behaviors of the following fast diffusion model
have been studied by many scientists,

|x|1u,:div(u“| Vu |m71Vu) +f(xtu,Vu), (xt) e Qx (0,+0),

u(xt) =0, (x,t) € 0Qx (0,+x), (2)

u(x,0)=u,x), xeQ,
where s >0, m>0 and m+a € (0, 1]. Gu"" considered model (2) with s=a=0, m=1 and £ (x,t,u, Vi) =—u’. He proved
that the non-trivial solution of problem (2) vanishes in finite time if and only if p € (0, 1), and explained how the strong
absorption term causes the finite time extinction phenomenon from the physical point of view. When s=0, m+
o€ (0,1)and £ (x,t,u, Vu) =" with 2> 0, Tian et al"*'¥ concluded that the critical extinction exponent of model (2)

is p=m+a. When s=0, m+ae (0,1)and f (x,tu, Vu) =1|Vu|" with >0, Mu et al'*' concluded that if m+a<p<

Lt, then the nonnegative weak solution of model (2) will vanish in finite time for appropriately small initial data; if

p <m+a, then the nonnegative weak solution of model (2) does not possess finite time extinction phenomenon for ap-
propriately large 1. Very recently, Liu and Yang!” investigated the extinction and non-extinction properties of the solu-
tion to model (2) with =0, s € (0,m+1)and f (x,2,u, Vu) =1 Vu|" with 1> 0.

As far as we know, there is no result on extinction behavior for problem (1) with s> 0. Our interest is to deal with
the effects of singular potential | x|, the competitive interaction among the fast diffusion term and the gradient source
term on the extinction behavior for problem (1).

1 Preliminaries and Main Results

It is noted that problem (1) might be degenerate or singular at the points where u =0 or Vu=0. Throughout this ar-
ticle, we work mostly with the weak solution to problem (1) in the following sense.
Definition 1  For some 7> 0, a function u(x, ) defined in Q x [0, T ) is called a weak sub-solution (resp. super-

solution) of problem (1) if it fulfills the following conditions:
() uw|Vul"" e L'(0,T;L(Q) ), ue C(0,T;L7(Q)) NLY(0,T; W"(Q) ) and | x

Cu,e (0, T, LX(Q) );

(i1) for any non-negative test function & € Cyy ( Qx[0,7T] ), one has

ff(|x|ﬂu,f+u"|Vu
0Q

ot

"V VE) dudr< (resp.> ) [ [ 2 Va|"¢ dudr 3)
Q

(iii) u(x,2) < (resp.> ) 0indQ x (0,7);
(iv) u(x,0) < (resp.> ) u,in Q.
A function u(x, 7) is a weak solution of problem (1) if it is both a sub-solution and a super-solution of problem (1).

Our main results are the following three theorems.

};jolz ,0<s<m+1 and u,(x) is appropriately small. Then the nonnega-

tive weak solution of problem (1) vanishes in finite time.

Theorem 1  Assume that 0<m+a<g<

Theorem 2  Assume that 0 <g<m+a<1. Then for some appropriate Q, problem (1) at least possesses a non-
extinction weak solution.

Theorem 3  Assume that 0<m+a=¢g<1. Then the extinction phenomenon will occur for m =0 and appropri-
ately small A, while problem (1) at least exists a non-extinction weak solution for appropriately large /.

Remark 1 From Theorems 1, 2 and 3, it follows that ¢.=m + « is the critical extinction exponent of the weak
solution to problem (1).
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2 Proofs of the Main Results

In this section, the sufficient conditions on the occurrence of the finite time extinction phenomenon of the weak
solution, and the existence of the non-extinction weak solution will be discussed.
Proof of Theorem 1  Take

l>maX{N(l—m—a)+s(m+oc)—(m+1)’0}' @
m+1-—s
Multiplying both sides of the first equation in (1) by «, and integrating over Q by parts, one has
1 . m+1 m+1 mm;f]” m+1 - [ .
l+1dtf|x| d+ l(+a+l) iw dx—i£u|Vu|dx. )
Since g <m+ 1, Young’s inequality with ¢ can be used to obtain
q Im+1-g)-ga—1)| m+a+l |1
fu1| Vu|‘]dx: L—’_l) fu m+1 ‘vu m+1 dx
) m+o+1/
q mya+l |1 q . Im+1-g)-ga-1)
<g(’“”) [lvu =] dxvc(e) _mrl Ju =, (6)
m+o+l) ) m+o+l) )
. I{ m+1 \""*
Taking ¢ € (O, T\ nsasl )such that
q m+1-gq
c|=(1+1)( mtl ) g(—mr] ) “Je|>0,
m+a+l m+a+l
and substituting (6) into (5), one can claim that
d maasrl |MF1 lm+1- ql) q(a—
aﬁxﬁu Y deCZJu " d, (7)
Q Q
m+1
where Cz—lC(é‘)(l-i- l) m

Since Q is a bounded domain in RY, one knows that there exists a ball B(0,R) —R" centered at x=0 with radius R
such that Q< B(0,R). Then, by a series of calculations, one can deduce that

N R N
2 2 N—s
f|x|ﬂdx< J |x| dx= 7]\]\][“ er*Hdr: N RN =:C,, (8)
@ B(0.K) 1“(+1)° (N—s)F(+l
2 2
where I'( - ) is the usual Gamma function.
For convenience, we set a = % with 6= Hlm% € (0,1). By (4) and N> s, one can verify that a € (0, 1).
Furthermore, making use of Holder’ s inequality, (8), and Hardy-Littlewood-Sobolev inequality"*'”, one has
+a+l % “ a ! e
‘x |_Sul+ldx$ —sa(u P ) dx |x —s(1-a) ladx)
l i [[=r]
1 (m+l()(N—;') “ . 1
m+a+ N—(m+1 m+o+
<cl jx]s(um” ) d sc;-“C“fw = ) :
Q
which implies that
m+a+l m+l ’
f Vuy m+! dx>C0a lc—a/) jx’SqudX) , (9)
Q Q

where C, is the constant in Hardy-Littlewood-Sobolev inequality. On the other hand, put

B l(m+1—q) —q(a—1)
= (m+1-¢q)(1+1) < (0.1)
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It follows from ¢ >m + a that 6 < 7. Using Holder’s inequality again, one has

Im+1-q)—qla—1)

1+1 " - !
j‘u mrl—g dr< |Q|1-77(J’u dx) < |Q|1_"R”7(J-|X| ul”dx) ) (10)
Q @ °

Letting g(r)= f | x| u'*" dx and substituting (9), (10) into (7), one has
Q

d
S &) +Cg'(n) <Cg(0), (i
which is equivalent to
d CS 0 0 ( -0 CS )
— — 2 S n _ 2
g &0+ 572'(0) <g"(1)| Cog (1) = 57 ) (12)
where C;=C,C?“"'C;* and C,=C,| Q| "R". If u,(x) is sufficiently small so that
1
S C ﬁ
1+1
flxl ug d’“(zc ) . (13)
then by Lemma 1 in Ref. [20], one knows that there are two positive constants ¢, and &, such that 0<g(¢) <o,e ™.
. 1 1[{Cs \"° .
Choosing T, > max {0, — P In| — 2C , one can obtain that, for any > T,
2 6

d C —o,t ' C
S+ S0 <] claen) - S <0

That is to say,

L) =1-00g0) o) < D o,

Cy(1-

Integrating this inequality from T, to ¢ yields that 0<g'"(f)<g'~(T,) + 5 0) (T,~t), which suggests that

2g170(T )
Ci(1-0)

Proof of Theorem 2 Inspired by the idea of Ref. [16], we define f(¢)=d"** (1 -e*)'% >0, where

the solution u( x, ) of problem (1) will vanish as ¢ tends to 7, + The proof of Theorem 1 is completed.

q-1

de (0,1)and c € |0, (m+a—q)d’”“’q). Then it is obvious that f satisfies £ (0) =0, £ (¢) € (0,1)and

f'(t)+$f””“(t)—f”(t) <0 for ¢>0. (14)
Letv(x,t) =f(¢)w(x), where y (x) is the first eigenfunction of the following eigenvalue problem
- H a _ a+1 m=1
le(l// Vl//) =Ly z//| , xeQ, (15)
w(x)=0, x € 0Q,

and is assumed to satisfy max y (x) =1. Then by (14) and the first mean value theorem for integrals, for any nonnega-
xeQ

tive test function &(x,¢) € Cy’(Qx [0,7]), one has

I.= ff[ x| v~ Al Vv’ )§+V|Vv
[[{li=r
”[ ( o fm)wl e W}édxdr

Q

"y vﬂ dxdr

0—

i vy | e rmeo V[ vy e dude

A

=T|Q |§(x*,r*){] x ]ﬂ(f"(r*) - ;f’”*“(r*))w(x*) +/11f’”“‘(r*)1/’"'”(x*)}
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l-m-a *
where (x",7") € Qx (0,T). Choosing d € |0, min 1,W(S) , then one has /< 0 provided that the first eigenvalue
24, x"

A, of the eigenvalue problem (15) satisfies 2,> | x| w'™""“(x") f7"%(z"). In other words, v(x,¢) is a non-extinction

weak sub-solution of problem (1). On the other hand, one can prove that 6 (x,#) =max {1, u, "u(g)} is a non-extinction

super-solution of problem (1). Then by an iterated process, one can claim that problem (1) at least admits a non-
extinction weak solution u (x, ) satisfying v(x,¢) <u(x,t) <&(x,t). The proof of Theorem 2 is completed.

Proof of Theorem 3 If 0 <m+a=gq<1, then by the arguments in the proof of Theorem 1, one can arrive at (11)

. _l+gq
with 0=73= i1 € (0, 1). Namely,
d
ag(z) +(C5—Cy) g'(t) <0. (16)
If 1 is sufficiently small such that
q m+1-gq
CS_C(y: (l+ 1) ql—”) ZCf(u—l)C;aﬁ ﬁ _/l[gcf'(a—l)c‘t—a(i_i_C(€)|Q|l—0Rs(7'j|

is positive, then (16) yields the extinction result of the solution for the case g =m+ .
On the other hand, let v(x,¢#) =p(¢#)w(x), where y(x) is defined in the proof of Theorem 2 and p(t¢) =

1
[(1 —q)t} '“7_Then by repeating a similar argument to that in the proof of Theorem 2, one can prove that v(x,¢) is a

non-extinction sub-solution of problem (1) for some appropriate large 1. Meanwhile, one can also prove that §(x,¢) =

u, "mn)} is a non-extinction super-solution of problem (1). Therefore, the standard iterated process can be used

max{l,

to guarantee that problem (1) at least admits a non-extinction weak solution u( x,#) satisfying v(x,¢) <u(x,t) <J5(x,1).

The proof of Theorem 3 is completed.
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